. It is well known fact that the presence of a surface changes the dynamical properties of atoms, molecules or ions such as in photodetachment processes [3, 4, 5] .
The photodetachment of negative ions in external fields and/or surfaces has attracted significant attention after the development of semi-classical closed orbit theory (COT) put forth by Du and Delos [6, 7] to explain the oscillatory structure of photoabsorption cross section of atoms in magnetic fields. The COT beautifully demonstrates that a photodetached electron firstly propagates away from the source by absorbing photon energy and then it is reflected back to the source by external fields or surfaces, thus following a closed orbit. Each such classical closed orbit leads to oscillations in the photodetachment cross section. While in the absence of an external field or a surface, the photodetached electron waves never return to the nucleus and photodetachment cross section consists only smooth term. Thus, the COT nicely explains the physical scenario of oscillations in the photodetachment cross section by separating it into the smooth background and the oscillatory terms. The predictions of COT have also been verified by the photodetachmet microscopy experiments of negative ions [8, 9] . Results of COT have been compared and verified by quantum mechanical results for some physical systems [10] [11] [12] [13] [14] that highlights the importance of this semi-classical theory. Theoretical imaging method (TIM) [15] is another useful technique to investigate the problems of photodetachment of negative ions near surfaces whose asymptotic results become identical to the COT results. The TIM emphasizes that the image is formed behind the surface when the source comes close to it and the reflected wave appears to come from the image.
The negatively charged hydrogen ions ( 1 H ି and 2 H ି ) are of much interest in Stellar Astrophysics as they are the main source of continuum opacity in the photospheres of many stars [16] [17] [18] . The main contribution to the light absorption by H ି comes from its photodetachment process:
The photodetachment of H ି near an interface has attracted considerable interest since it has been proposed as a probe so as to investigate the adsorbate lifetime and charge transfer mechanism in backscattering process [19] . Firstly, Yang et al [20] [20] .
Afterword, Yang et al [23] investigated photodetachment of H ି near inelastic interface similarly but by defining a reflection coefficient ߙ < 1; and they obtained different results from that of Ref. [20] . For ߙ = 0, their results match with those of Zhao and Du [24] for the photodetachment of H ି near a real metal surface. Afaq and Iftikhar [25] have revisited the same problem using COT by introducing a new parameter called reflection parameter which describes the inelasticity of the surfaces. Very recently, the authors [26, 27] have studied the most general cases for the photodetachment of H ି near elastic and inelastic plane walls using COT.
Most of the previous research on the photodetachment of H ି was focused near the plane surfaces or interfaces by COT, while a very few research work is recently presented near spherical surfaces by using TIM [28, 29] . The objective of this paper is to study the photodetachment spectrum of H ି near a hard spherical surface by COT and then compare the results with recently published work. In order to introduce the spherical effects in closed orbit theory, the classical action has been found as follows: after the photodetachment process, the detached-electron wave from the source approaches to the spherical surface at normal incident, simultaneously a wave appears to come from the image behind the surface.
The total action then would be the sum of actions from source to the surface and the image to the surface.
The model presented in this article for the physical system is very easy to understand the photodetachment of negative ions and it uses the COT near spherical surfaces first time in the literature.
We hope that it may provide a help in photodetachment microscopy experiments near spherical surfaces.
The rest of the paper is organized as follows. In Section 2, we discuss the classical motion of the detached-electron from H ି near a spherical surface and then obtain the analytical formula of total photodetachment cross section of this system based on closed orbit theory. In Section 3, we present key numerical results and compare them with the published results. In Section 4, we present some of the conclusions of the present work. 
The total photodetachment cross section
To calculate the total photodetachment cross section of hydrogen negative ion H ି in the vicinity of an elastic spherical surface, we place H ି at the origin while an elastic spherical surface is placed perpendicular to the z-axis at a distance d atomic units from the source. When z-polarized laser light irradiates hydrogen negative ion near a spherical surface, the electrons of the ion may absorb a photon and excited to higher energy state. The energy of the detached-electrons may be sharply defined, but the initial direction of their motion is not specified. Thus detached-electrons may move in all possible directions.
Some of the outgoing detached-electrons travelling along the classical trajectories never leave the hydrogen atom. They go out from and then return to the atomic nucleus after reflecting from the surface, thus forming closed orbits. These closed orbits satisfy the Bohr-Sommerfeld quantization condition and are related with the quantum interferences in COT.
To calculate the classical action, we follow; the outgoing classical trajectory move towards the surface, simultaneously the trajectories appear to move from the image towards the surface. The classical action is then calculated for those two trajectories that incident normally at the surface from the source and the image. A schematic representation of our model is shown in Fig.1 . To derive the expression for outgoing wave function, one has to solve the inhomogeneous Schrodinger equation given by [21, 22 ]
where Ψ ା ሺ‫ܚ‬ሻ is the outgoing wave function, E is the K. E. of detached-electron, i. 
The potential V b (r) does not affect the motion of outgoing electron far from the nucleus and hence can be neglected. Physically valid solution of Eq. (1) that satisfies the correct outgoing boundary conditions must be an outgoing wave at a large r. The oscillator-strength density can be calculated from the detachedelectron wave function Ψ ା using the relation,
The photodetachment cross section is proportional to the oscillator-strength density ‫ܦ‬ƒ ሺ‫ܧ‬ሻ, and is given by 
where, c is the speed of light.
In order to solve Eq. (1) near the nucleus, the photo-detached wave function Ψ ା is decomposed into two parts as is done in Refs. [21, 22] ; one is a direct wave function and other is returning wave function such that Ψ ା ሺ‫ܚ‬ሻ = Ψ ୢ୧୰ ሺ‫ܚ‬ሻ + Ψ ୰ୣ୲ ሺ‫ܚ‬ሻ. Where Ψ ୢ୧୰ ሺ‫ܚ‬ሻ represents the steady outgoing detached-electron wave going out in the negative z-direction after photodetachment process and reaches to the surface.
While Ψ ୰ୣ୲ ሺ‫ܚ‬ሻ represents the returning wave appears to be coming from the image and it propagates in zdirection. These two waves superimpose near the nucleus, thus giving quantum interference. The wave function Ψ ୢ୧୰ ሺ‫ܚ‬ሻ is given by [21] Ψ ୢ୧୰ ሺ‫,ݎ‬ ߠ, ߶ሻ = −
Where, ℎ ଵ ሺଵሻ ሺ݇‫ݎ‬ሻ is the outgoing Hankel function with its asymptotic approximation, ℎ ଵ ሺଵሻ ሺ݇‫ݎ‬ሻ = ሺೖషπሻ , which is valid on the surface of sphere, while the outgoing wave on the surface is given by
As the wave propagates out from the surface of the sphere, both its phase and amplitude will change.
Semiclassically, the wave propagating out of this sphere can be expanded in terms of outgoing wave in Eq. (6) as
After reflection from the spherical surface, this wave is known as retuning wave. This returning wave appears to be come from the image of the source. The returning wave will then interact with the direct wave from the source and leads to oscillation in the photodetachment spectra of H ି . The returning wave can be considered as a plane wave propagating along the closed orbit in the z-direction and is given by
The proportionally constant M contains information about the outgoing detached-electron wave along jth trajectory before it returns to the source and is given by
The summation includes all possible trajectories such that each trajectory begins at a point on the surface of the hypothetical sphere around nucleus and arrive at the point . The classical action ܵ ሺሻ is for the jth trajectory given by
‫ܣ‬ ሺ ሻ is the classical amplitude,
డఘ డఏ ቮ being a Jacobian, and ߤ is the Maslove index for jth trajectory.
In our particular case, the classical action in Eq. (10) With the approximation of small R, Eq. (9) can be written as
Using Eq. (13) into Eq. (8), the returning wave can be written as
The overlap integral of the returning wave in Eq. (14) with the source provides the oscillating term in the oscillator-strength density:
The total oscillator-strength density in the presence of a spherical wall is the given by ‫ܦ‬ƒ ሺ‫,ܧ‬ ݀, ߢሻ = ‫ܦ‬ƒ ሺ‫ܧ‬ሻ ቈ1−3
where ‫ܦ‬ƒ ሺ‫ܧ‬ሻ = ଼√ଶ మ ா య మ ⁄ ଷሺா ್ ାாሻ య , is the smooth background term [22] . Thus, total photodetachment cross section of H ି near an elastic spherical surface is given by σሺ‫,ܧ‬ ݀, ߢሻ = σ ሺEሻ 1 + 3
where σ ሺEሻ = 16√2π ଶ B ଶ E ଷ/ଶ /3cሺE + E ୠ ሻ ଷ , is the smooth background photodetachment cross section.
Eq. (17) gives the total photodetachment cross section of H ି near an elastic spherical surface which is the sum of the smooth background and oscillatory terms. The smooth background term is the total photodetachment cross section in the absence of a spherical surface. The oscillatory term results from the quantum interference of the steady outgoing detached-electron wave and the classical returning electron wave. Fig. 2(d) represents this result. The influence of spherical surface is presented in Fig. 2(a-c) . It shows that by decreasing the value of curvature, the spherical wall problem indicated by the solid red line reduces to the plane wall case represented by dashed lines and it becomes exactly the same for zero curvature as is shown in Fig. 2(d) . We also observed that our formula in Eq. (17) becomes the limiting value of the formula derived by theoretical imaging method [28] .
Numerical results and discussion
The formula in Eq. (17) can also be derived by using quantum mechanical approach as for plane elastic wall case as adopted in Ref. [11] , where the photodetacment cross section in terms of dipole matrix element is
Where c is the speed of light, ‫ܧ‬ is the photon energy, ‫ܦ‬ = . ݁̂ is the dipole operator which is equal to In order to calculate the dipole matrix element in Eq. (19), we need to transform the final state wave function of the detached electron from cylindrical coordinates to spherical coordinates using the frame [30] , Hermin [31] and Greene [32] . In this way, we will obtain the expression of photodetachment cross section using Eq. (19) . 
Conclusion
We derived an analytical formula for the photodetachment cross section of H ି near a spherical surface using closed orbit theory. The resulting spectrum is an oscillatory structure which is very different from that for a plane wall case. In order to introduce spherical effects in the total cross section in terms of curvature ߢ, the classical action is calculated by imaging technique. The oscillations in the spectrum can be controlled by curvature ߢ. For zero curvature, our results coincide well with the results of plane wall case. We hope that our model may provide a help to experimentalists in order to study the ion trap in spherical surface. 
